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Mathematical Problem Solving in the ro'lemsniary l3chools 
Some Educational and Psychological Considerations ■'• 

Introduction 

One of the most important goals of elementary school mathematics 
is to develop in each child an ability to solve problems. In recent 
years more and more, emphasis has been placed on problem solving in th.^ 
elementary mathematics curriculvw.. A cursory look at the scope and se- 
quence chaxts,-of the most popular t-^xtbook series points out this trend. 
. In each of these series problem solving is identified as one of the key 
strands axound which the mathematics program is built. At the same time 
there .is concern among teachers, mathematicians, and mathematics educa- 
tors that these programs are doing a poor job of developing problem 
solving ability in children. Points of vievr which are representative 
of the dissatisfaction uith current programs are found in the reparts of 
the SnovnnasG Conferenc.3 on the K-IZ iifiLnematics Curriculum and the Oronc 
Conference on the Nationc^l Middle School Mathematics Curriculum held 
during the summer of I973, These reports called for extensive modifi- 
cation of current mathema+ics programs to include a more systematic ap- 
proach to providing instruction in problem solving. 

The current concern should raise a number of questions in the 
mind of anyone interested in the mathematics education of children. 

* xu - anthox is indebted to Dr. Norman J. Ifebb and other members ' 

of the Mathematical Problem Solving Staff at Indiana University for 
their valuable suggestions. The views exp:.-essed in this paper do not 
ccnstxtute an- official statement of policy regardi.rig the goals of the 
Mathematical Problem Solving Project. The author accepts sole responsi- 
bility t.or all of the positions and views stated in this paper. 
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i::xactly what i.s pj-oMf-Hn solviii;^? Can students really Toe taught to be 
hotter .problem solvnvs? Tf probl.om 3olv.ln/T is so important and good ■ 
prcbloiii solvor;n aro not hciuif, dovcloped^ what stops should be taken to 
chant;^' proc;?:vL instructional practices? Ccitainly an ansuer to the 
first quor/blon must ha obLairiQd befpre the other questions and ones r^- 
la.tod to thon aro taoI:la.i. .'Jo, boforo procecdinf^ any further a defini- 
tion of problcji .^olvin.^ should be provided, 
pofinition oi _a 10;; oMc^in 

A probloM is a r.ituettion in which an individual or group is 
called upon to p.rl.'orm a task for which there is no readily accessible 
alr^orithrn which do.tcrrnincs completely tlio mathod of solution. 

Any one o-^' a numb&r of ether dof inXtions of a pi'oblein would be 
natis.i'actory for Cho. purposes of this payor (o«g*f Bourne, ICkstraJid 

Dominowski, 1971? Davis, 1966- ilonderccn Pingrjs 1953; Simon & 
Hewcll, 1972). hot it sufficG to >,.ay that any reference to a -problem 
or problem so lvinf: roi ers to a Gitn-.tion in ;/hich previous e-rperiences, 
knowlod^^e, -anA inluition raunt bo coordinated in an effort to determine 
an outcome or' that jjltviaticjii for wiiloh a px^ocodure for determining th'i 
outcomo is not knornia Thuy, fiiKliHi'^ the lon^jth of the hypotenuse of a 
right trian(;lo {;iven tho lenrrthr? of thr? tvo legs probably does not in- 
volve problem solving for the student who understands the Pythagorean 
Tlieorem, but jiia.y bo problom solving of a complex nature for the student 
who has not boon oxpo/^cLi to tlio Pythagorean Theoroia. 

Since problem solving is viewed as such an important\part of 
learning mathcma.tics it seems natural to analyze carefully what is in- 
volved in the process so that effective Instructional techniques can be 
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developed. There is little or no argument on this point. Everyone 
agrees that serious attention must bo given to instructional issues re- 
lated to problem solving. However, beyOxTd this point there is little, 
if any, unanimity of opinion concerning the process of problem solving. 

Even the most successful problem solvers have difficulty in 
identifying whv they are successful and even the bost mathomatics teach- 
ers are hard presssd to pinpoint what it is that causes their students 
to become good problem solvers. Unf ortuna^^ely, in spite of the volumes 
that have boon devoted to problem solving what j.n now universally ac- 
cepted knowledge about problem solving can be boiled down to Georg 
Polya's words of advice to mathematics t.tudoiitsj "Use your head." 
(Professor Polya's final statement in a presentation at the 1974 annual 
meeting of the American Mathematical oooiety.) 

Out of frustration over cn inability to deal successfully with 
the problem solving dilemma, mathematics educators ha^'e turned to psy-- 
chology for guidance. The nature of problem solving and the measurement 
of problem isolving ability have been the objects of considcTable a.ttc*:- 
tion by psychologists (represonhative reviews of psychological researr':; 
in problem solving have been written by Bourne &: Dominowski, 1972; 
Davis, 1966j Green, 1966). Typically, ..psychological reports of problem 
solving research begin with a statement likot "Research in humron prob-- 
lem solving has a well-earned reputation for being the most chaotic of 
all identifiable categories of human learning (Davir., 1966, p, 36)." 
Indeed, it has only been during the last twenty to twenty- five years 
that a major point of view or technique has developed which attempts 
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to isolate the important variables which influence proTDlem solving be- 
havior,^ , 

Thoro ayrjcex to be a nunbei reasons for this co!:dit.lon. 
First, a variety of tasks has been used in problem solving research. 
Tho tasks found in the litcraturo include such diverse. problems as 
matchstick, ToKcr of Hanoi, and jigsaw puzzles, anacram problems^ con- 
cept identification problems, arithmetic corapataticn problems and stan- 
dard mathematics textbook word problems. Also, problem polving research 
has been conducted by experimcnterc ;dth quite different positions on 
the nature of problem solving. The traditional cognitiva-Gestalt 
approach of such psychologists as Wertheimor, Maier, and Duncker is quite 
different from the associative learning theory approach characterized by 
the work of Maltzman (1955) and the ICendlers (Kendler & Kendler, I962). 
More recently, especially within the past fifteen years, considerable 
effort has been devoted to the development of an information processin/: 
approach to the study of problem solving. The well-Icnown work of Siiron 
and Newell (1972) is reprasentativc of the information processing vi 
-of the problem solving process. Thus, although much exciting and poten- 
tially fruitful work is bcirig conducted by psychologists, very fe^r de- 
finitive answers to the questions concerning the ruature of learning and 
instruction in mathematical problem solving are 5.vailable at the p3?.es:)r:t 
time. It is likely that these answers will result only from sevG-ul 
years of intensive study that reflects a cooperative effort by mU^^ 
matics educators, psychologists, axA classroom teachers. 



^ ^ ^Kilpatrick (1969) suggests that serious attention -^o problem 

■ solving. by mathematics educators has developed primarily vithin the 
last ten or so years o 
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Overyievf of T.r' .s Pap»3r 

The intent of thia paper ir, to doscritc iho philosophy atid a^tl\ 
itios of the Matlioraatinal Problom ,3olvir- TTojoct (iJ'SP) at Indiana 
University. The paper will contain four main sections: 

1. The Critical Itir.ucs and Questions fielatnd to 
iiatht>niatical Problem .jolvin,^ 

2. Haturo of the hP3p 

3. Thru.it of the :forIc of KPSP at Indiana Un.v/o: ... . / 
^. Plan for Future Kasearch 

Tho main focus of this papor is on tho roscarcl and development 
efforts undr...-ay at Indiana University. Xncliidod in th?.s cCf ort is a ' 
serious af-.Dmpt to develop a ccjncc-ptual franowork for mat... in.-,,tical prob- 
len solvin/5. The development of such a fromcvork will cc.n';or on the 
creation of a model for jathomatioal prc.bloiP. solving. Sinco the crea- 
tion of such a model is coasicUvr;..- 1 to be of utnoot importer: .oo ii'. develop- 
ing a framework for future research and dovolopment efforts, an exten- 
sive discussion of models of prcblen. solving is included. 

It Is hoped that tho positions posed and tho efforts dc.-jcribc . 
will stimulate vnluable discussion concornin;"; tho key issues related t 
matlv.r.Tiatical problem soLvia-'; in tho elon!..nt.ary schools. 
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Critical Issues and Questions Related 
to ilatHonatical Problem Solvins 
Tlio o])onl:if|: sontonco of this p^por stated that the dovGlopmeiit 

of cMldrc^n'?. problcn solving abilities is a major goal of elementary 

•> 

.school maU.ematics. It is interesting that while few educators would 
d:.Sc'^.';:rea with thir, claim there is little evidence that a sericns a.ttempt 
Is boing ii^'i^I^'- to attain this froal. Ho sirglo factor can bo ic^orlified 
as causing thir^ state of afiairs to exist. Inshon;! the prc"-.T?7. can be 
attril'utfjd tn a numbv^r nf ca.uscG, The folloT/xni; az-e anong tho most 
proni nent: 

1. Problem sol\dng is the most com:;'^'::c of all intn.Moctual 
activities; conr:oqLiently it is "th.^ meet diff^-^v"?*. fr.tel- 
lectual ability to dove?.op, 
. 2. i^ilomontary school matriomatios torctbooks t;,TDioslly ejre 
doloborious rath^^r than facilitative in developing 
problem solving skills and processes in children^ 
3. filomontcxry school toachur.> do not vIom problem solving 
as a k«';y ft^aturc of their, mathomati cs prograns. 
Box oro sugt^oGtlons are prGPontr/3 f^.r i-omfidying tiiO prcsont situp.tion 
it is appropriate to clr;.borato on (lo-us-r.-s 2 arid 3^ 

It is the author's opinion that the ovcr;;holnin.5 majority of the 
activitlos pro:;ontcd in olomantory luathematics tvxtG as problems are 
actually Ijl.tlc mora t!ian ox^.xcir.cs .''esigned for practicing the use of 
a formula or algoritnrn. A second criticism is that textbooks do not 
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inoludG enough situations which involve real-wox-ld^ applications of 
mathematics. 

The third cause is the result of several factors. It is a fact 
that most elementary school teachers perceive rnathematics to be a static 
and closed field of study. To them mathematics is more mechanics than 
ideas r and involves very little indepciident or original thought- Of 
course elomontaxy teachers cannot' be blamed f^r their perception of 
mathematics since it is based primarily on educational oxperir;:i::os whioh 
stressed memorization of rules, formulae, anu facts. However, tlv? viavr 
of mathematics which is held by elementary tcachors is a part cf a. 
vicious cycle which has developed. Children ai^c not learniii/j j-.-ome 
good problem solvers because their matiicmatics textbooks do lut 7rio^d.da 
appropriate opportunities for them to solve problems and h3.:?.\xz? their 
teachers do not vieu problem solving as important. At the C/nj^ lime, 
teachers do not vien problem solving as. important because it r;is not 
given priority status when they studied mathematics. This condition * 
cannot be rectified by attomptiiig to cciivince prescrvicc teachers of ll>e 
importa.nce of problem solving. At Indiana IJnivorGity preserviee eleirtji- . 
tary school tea.chers are roquirod to tsJcj nine semester bours^ of ma.th^- 
matics and thx-oe semester hoars of metlxods of teachir:: na.thom3tico. 
Even this uncommonly good situation does not allow s^officiant time to 

The term "real-world" is difficult to define since a roal-vorli 
or real- life problem for one person may not be. a real^life problem for 
another. Although interest rate and ^rocary shopping problems axe very 
real in the sense that such problems are encountered daily by adults, 
they are often not even problems for children because children are not 
ir>torcsted in them. 



overcoiDG ton or more years cf "bad" experience5> with mathGinatics, Alno 
young teachers are prone to model their teaching behavior after the be- 
havior of thDir supervising teachcrG, CoJ'.sequently, if 2.ittl.e or no 
provision is mac''. o for developing caildren's problem solving skills by a 
student teacher's supervising teacher, it is unlikely that the student 
teacher will consider problem solving?; zs an important part of the mathe- 
matics prograjii, ^ 

Ronodics for the nxir.ting conditions csnnot ignore the need t ^ 
improve cTorrent teacher training programs, but improved teacher training 
is cnly a small part of thn solution. Even if teachers can be trained 
to view mathematics as an area accessible through experinen-hatior and 
independent thought, they will probably resort to using ^-^e •'•:.(: T:ritt'=^n 
mr.terials are availarole in the classroom and these materi?..::^ ai^.^, for 
the most part, not conducive to enhancing the development cx problem 
solving abilities. Thus, serious and extensive efforts must b.?cin t.-> 
develop exemplary instructional materials in mathematics viuich have 
problem solving as their main focus. The Mathematical rrobien Solv:.ri/3 
P-i?ojGCt (IIPSP), which will be dGScritcd in the next section, is attG!t)jpt- 
ing to satisfy the need for such problem solving materials by produoiy4T 
a series of modules dovoted to the devoJ-Opment of certain problem tru'v- 
ing techniques and by collecting and cntogorising prcblcms suitable for 
use in thc^ intermediate grades. 

Attempts to develop instructional materials of any type must in- 
volve considerable reflection about the most important aspects of the 
topic being considered. In the 'coursb of developing modules which will 
teach children fundamental skills and processes of problem solving the 
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followirv; questions arc among zhosc whi-h should be considered x 

■!• /hr.t Irind nnd ho^r nuch direction should be given ii. <^ 
modulo? 

2. I/hat instructional -ornct is bost suited to tcachin^^ 

children how to solve problems? 
Of course, those arc irL;crtant fiucctions but they ?jro n spe- 
cifically rclg.ted to mathomaticcJ problem solving. Instead they are 
questions which are raised by vrriters of any sort of instructioi;al 
materials. It is. premature to attempt to arisuer these questions -. v'-r?. 
answers to several more basic questions are fouiKl« Unfortunate?;/, V.^. 
knov/l^jdge that exists about ho\j children solve .problems aiid I\c.9 ;,>robf.cr 
solvirig should be tau/jht is very liraited. For example, no cciifM->f-:nt 
answers have bnen found .for tlie most basic quc::;w.\ons such i.r.\ - 

1. '/hat prerequisite skills abilities, etc. must c::*7.'v:^:i 
have to 4olvo particula;c kinds of problems? 
:7hat aspects of the problem solving process can b- 
tauf?;ht to intGrmodic:.te gzv?de children? 

a. Can children ur:>o various problcn solving strategies 
effectively? " 

b. Can children loarn to cooi'linato the cr?;niLivo proccr?'^.. 
which are needed in solving co;fiple:r problems? 

. Clearly the answers to these questions to a certain 6:ctent must 
be based upon the intuition .ar-l e::perience of the persons involved in 
writing the materials. However, it is equally as important that those 
questions be attaci:ed by considering the theoretical and research bas^e 
underlying the various views toward toaxjhing prblcm solviiig. It i^-uld 



be most v cuVothor curriculum project 'ch devotee all 

its enori^. . volopment of materials to th^ ' ^sion of attempt- 

ing to further the scientific knowledge regarding learning and instruc- 
tion in mathematical problem solving. 

The issues raised thus far have been concerned primarily vrith 
the role of problem solving in the existing mathematics curriculum and 
the development of instructional materials. Before these issues can be , 
dealt with in an appropriate way it is essential that several more 
fundamental issues and questions be considered. These issues include 
the four previously mentioned and aire listed below with some discTS-.^.cn 
following. 

Fundamental Issues ReXatad to Mathematical Froblom v'^olving 

1. Can problem solving be taught? 

2. If problem solving can be "ta.ught,"^ uhac types of expexie noes 
most errfiance the development of this ability? 

3. V/hat are the specific characteristics of successful problcTA solvers?. 

4. l/hat prereciuisite skills, abilities, etc. and irfiat level of cog- 
nitive development must a student have in order to solve a particu.- 
JjQT class of problems? 

5. Educators and ^psychologists generally agree that there are .several- 
factors which influence problem difficulty, t/liat are the primary 

^Th^s view is also held by Richard Shumway and is presented in 
a position paper prepared by him for the MPSP (l974)» 

^"Taught" is being. used here in the senise that teaching can be 
viewed 'as facilitating the understanding of or knowledge about some- 
thing. It does not imply necessarily dixoct intervention in the 
ntudent's leaxnj.ng process. 
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determinax-:ts of na thorriatlcc^l prpblow drrficLlty for children In 

"^^^-^^^ ' ' ■ v-^tion factoTG >/hich influence child -?n*s 

ability and Trillingncsr, to solve mathcnatic^l proble:ns. For 
cxajnplc s 

a. !/hat typos of prohlems zz:e interant j n,^ to cliildron in ,vr;>der. 

b. . To !ihat extont does a child's cocnitivo pnd emptionr.l 'stylo 

influGiico hor/hic T.-illinf^n-s-^s to koIvo problems? 
./hat problon solving strategies can clriidr-n (grades '^^-6) lr:.:cn t 
use effoctivcly? j.oro fundf-.Tiontally, cr.n problon solvir^ str,:..t:>,- 
ho t3.ught vrhich are gcinoralizable to a cHj.l-s Ox' problems? 
SindG F^'oblen sol-/ing is also important in non-mathematic-."'. --v^^i 
the question arises concerning tho oxtont to which loa.rnJ, a-'-, to so 
various typor. of raathenatical problcns transfers to solvl-,-: ..c-- 
nathematical problons (the~is.suo is just as important if : >lificd. 
to rc£.d ". . . tranrsf<^rs to solving oth:Jv; typj.^ of IT-^tl-iCu-vL^^^ 
problems"). ^ < 

Thoro axe a number of is-uos related, to the mothod of in::ti.-ur.hi.;i. 
Among the most inportant are: 

a, , Is tho small group mode of instruction a bett.-5r mode thrn 

either the large group moie or individual instruction in 
terms of teaching problem sol\'ing? 

b. Ifhat aspects of the problem solving process should influence 
the choice of method of instruction? For example, should the 
type of problem sol\dng strategy approprig,to for a problem 
arfoct ^ht} in-,tructional mode us'.-:d? 
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c. The specific role of the teacher in problem solving instruction 
is an open issue. Are there certain aspects of the problem 
solvirig process which specify a more directive role by the 
toucher than others? 

-^t ^^Oh' Bhould problem solving instruction be organized and 

sequenced? For exanrfae, should specific skills (e.g., making 
tables) be developed before attention is directed toward teach- 
ing a particular strategy? To Trtiat extent should a Gagnean 
hierarchy be followed in planning instruction in problem 
solving? 

10. How do. such characteristics of problems as difficulty, interest, 
setting, strategy, and mathematical content relate to one another? 

11. Several models of the problem solving process have been suggested. 
Do. any of these models adequately describe mathematical problem 
solving? Is there a need for developing a/ model for instruction in 
problem solving? An instructional model might be fundamentally 
different from a model of the solution process. 

u The MPSP at Indian^ University has selected, several of these 
issues and questions for study t , namely, nos. 1^ 5, '6(a),. 7, and 11. 
Since these questions and^issues have been given some. careful i±ioug 
it is appropriate tb discuss them briefly. i 
Question 1. Can problem solving be taught? 

Clearly, this is the most important question of all. Kllr 
Patrick's (1969) review of mathematical problem solving indicates that 
very little research has been done regarding the influence of instruc- 
tion on problem solving ability. The answer to this question inrobably 



vrill not be determined until more is knoTfn about the nature of sol^Jr^; 
problems and the relationships ar.ong th^j many faciorj-^j vihio'\ iiLfl'iuV.r.e 
mathematical problem solving, 

'^lostion 5, "^/ha-* n fcut i ^imary determinants of mathoma-tical problem 
di.1.licuj.i.y ior chilircii in 5r.-.dos ^-67 

Psychologists generally focus on four main areas for invosti^a 
ting problem difficulty: .(i) typo of problem taoi:,- (ii) rothoc of pr-3- 
sentation of the problem; (iii) familiarity of the problem scl'-or irith 
acceptable solution procedures (strategies, skills, etc.); (a.v) i^roblci. 
size (e.g., a problem vrith several diiaonslons, both relevant cr 3rr:*"- 
vant, is more, difficult than a problen havinr:; feuer dimension^':. r-^:h 
of. ' thfese areas has direct relovaaicc-forc elci:ieno<'ixy sch:^ol miJ V>:n-."i-^.icn.l 
problem solvin;^. Clearly, not all type.- of pjroblems are arpi : { r.i Mio ft 
children of this ago. '/hat is less clear; is the br^st mect< / :f p-e- 
senting particular classes of problems to chiMren. L^ngu?.iv :^aotar'=>^. 
complexity of the probloifi statement, lole of concrete a.i-i -^i.s.irl ipat.<-:r 
ials, child's prior cxporioncos, and tyi^o of x^robr.em are among thr. 
several factors determining the most 3.ppz'0priate method of preso^t.^t ici 
iiuch valuable information could be gained by pooing prcnl^iuS to £,114^*:/^ 
in different forms and versions and under vorying condition?, 

Tha^t the atudont's familiarity iiit!i acceptable soxuticu vr'-.-'.o 
dures is aJi important^ determinant of probD.em. difficulty raises a nu: :t.;.:. 
of questions which must be considered, 

— Which skills ard strategies are most "important for a?.dirg 
problem solving in mathematics in grades 4-6? 

~ IJhich skills aM strategies shcuM be taught first 



, — I'Jhich, if any, strategics do students use naturally? 

— I/liich skills aaid strategies caii be taught efficiently and 
effectively? Can any be taught? 

— Should the skills (e.g., inaking a table) bo developed before 
concentrating on teaching a strategy (e.g,, pattern finding) 
or should thny tlovcloped as the strategy is taught? 

— Does teaching a particular strategy really, imjorove problem 
.solving ability in the sense that for any problem a student 
will be able to choose the most appropriate strategy to use? 

More questions arc being raised than answers in this paper. 
This reflects the author's earlier statement that there are few defin- 
itive answers to the questions about learning and instruction in mathe- 
matical problem solving. The questions posed in the preceding paragraph 
a±e no exceptions. However, despite ~ the. lack of answers based on firm 
researcb evidence, there is considerable agreement that strategies can 
and should be taught. This claim^ will be .discussed when Question ? is 
considered. 

Issues related to problem size and. problem complexity are a 

major focus of the research efforts of the I(PSP, Since these efforts 

i ■ 

vrill be discussed in section IV of tliis paper no more will be said about 

problem size in this section, 

llio four detierminsLnts of problem difficulty that have be sn dis- 

> 

cussed are certainly not the only ones, Rather, they are the ones to 
which psychologists have devoted: the most attention, liaier (1970) 
states that there are several other important factors vihich make a 
problem difficult. In detemining a list of causes of difficulty, he 

18/ " 
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begins with the assumption that there is no lack of knovrledge on the 
student's part. Based upon this assumption he lists five potential 
causos of difficulty in addition to the four that have already been 
mentioned: 

1. misleading incorrect solutions; 

2. type of demands m?jde upon idea getting processes versus 
•• \' -~ idoa-evaluation processes; > 

3. difficulty in locating subgoals that can be reached; 
lack of motir'ation; 

5. high degree of stress. 

The factors xjhich have been listed in the previous paragraphs 
illustra.te the extreme complexity of problem solving. In addition these 
factors are ones that psychologists have •Jotcrmined' primaarily through 
highly controlled experimentation. In many of the "laboratory" studies 
there is no need to consider factors suc!i ,as mathematical content, level 
of understanding of concepts, processes, ani skills, a«i environmental 
influences sine- ability to perform the tasks used is not contingent 

0 ■ ■ ■ 

upon these factors. Unfortunately, these^ factors are present in normal 
classroom instruction. Consequently, in addition to the determinants of 
problem difficulty which have already been mentioned, the teacher is 
confronted with the task of dealing with even m )ve confounding factors 
in planning appropriate mathematical- problo.-n solving activities. 
Question 6 (a). !7hat types of problems are interesting to children 
in grades ^6? 

This question cannot be answered idLthout considerable knowlclB- 
of a student's background, experiences, cognitive ability, and psycho- 
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logical maJcGup. There is substantial evidenec that learning is enhaneed 
when instruction is meaninf^ful and rclevoait to the student. It is 
reascna.bie to expect that this is also the case in learning to solve 
probl -nn. There are no h ^\i-aiul-l*^. ^ vh* ito^-' ^v. uii^s if a parti;;- 

ular problejTi is interesting, but there are some general ruli5S-of- thumb 
which can guide problem selection. 

1. r»e sure' the problem statement (if written) is easy for 
the student to read. 

2. Use personal worrls axd tenhs in the statement of the 
problem. Try to maJ:e the student feel like he is a per'> 
of the problem. 

3. Although "real-worild" problems are. often difficult (.o 

/ find, such problems have a high motivational^ va!!u.\iL (Hootr 
of the "interesting"- roal-wo.r Id problens arc tcc/^'jcpftis- 
ticatod for the levol of mathematical understand in/: 
which intermediate grade children have). 
iSncourage students to mpice up their oim problems. 
5.^ 1)0 not place the student in a stressful situation. Fcr 
example, inaistenoo on getting a coiTOct answer in a 
short period of time is a good way to kill enthusiasm 
for working a problem ^ 
' The iiPGP is^devolopinr a. problem banlt for grndes ^-6. One of . .• 
the criteria for selecting a problem for inclusion in the bank is that 
It be interesting to children. Interest will be determined , through 
;e:^tensive intervievring and observing chi<ldren as tbey solve problems. 
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■^iuGstion 7. '.Hiat problci.i solving sti^.tegies c.ui children Icnxn to u«r 
nffccti/ ly? 

fii t)an.-jj,"a ,propaT-c;d for tho iiPSP, Groenoa (l97'!j') and 3.;yniour 
(197^) offered specific reronuncndations res^rdirig skills and .tra^cgios 
uhich should be taught. Greenes not only listed several strategies 
which., can bo t?u.r;ht to children, in" grades 1^-6 but also node suggcntioos 
for soquencin,:T problem solving actxvitier,. The skills aiid strategios 
. Greenes identificR include: estinate or guess, simplify, conduct r.n 
experiment, make a diagrajn, mal:e a t?ble, const-:uct a graph, T«:ite r.n 
equation, , seoi^ch' for a pattern, construct a floHchart,. partition the 
decision space, and deductive logic. 

SejTTiour considers such skills as "malting a table" and "con- 
structing, a grp.plr' as valuable aids to mathematical prob^lein s-.lvlng but 
would probably classify sucli skills as sub-stratogios boa'ause thoy ar^. 
really tools for applying a strcategy. The strategies he consid- rs 
appropriate/ for the j.ntermediatc grc?ilo3 include: o.nalogy, pattern 
racognitiori, deduction, Lrial a:;d error, organized listing, working liack 
uards, con|!)inod strategies, and unusual strategics which are unique to 
a problem.' 

Tl|e belief of ma+' ■ -, t-'.cs educators like Greenes, Seymour aiKl 
Folya tliat strategies can, be taught -should be given s6r;lous codsldor.- 
tion. Ilo^st of oar knoult-dge about learning aM instruction is based on 
tiie experiences of teacliers uho have thought long and hard a.bout W^s 
to help |:hiidren- learn. Although 13.ttle research has been done on the 
effectiveness of teaching' problem solving stra.tegies, the fact that 
several master teachers are convinced of the feasibility of , teaching 
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children tliG n«r of cortain s^lirn ojv\ shviMl oiif^^r^c teaxjhers w!t^ . 
ar^ ;'lanniii(, I'; include problem solving as a part of their mathematics 
program. " ' , 

Question 11, Do any of the models of the problem solving process 
adequately describe mathematical problem solving? 

The primary purpose of a model is to describe the salient and 
essential characteristics of the process or phenomenon uhich is being 
modeled. Any model of the problem solving process should be evaluated 
on the basis of the extent to which it not only identifies the essential 
aspects of the process but also the extent to Tfhich stages and relation- 
ships among those stages are identified. 

An, investigation of this question has evoked considerable 
inquiry within the i^IPSP and it is a major theme of this paper. A dis- 
cussion of models of mathematical problem solving io included in 
section IV of this paper. 
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Ths Haturo of the ; athcntitical Proulom Colv-in/-.; I'rojcct 
'•r- The iiathenatical Problem Sol'/inrr i>rojoct (iiP3P), which is co- 
oponsororl by;^-thc i-ational Council of Tcaciicrs of riathcmticG the 
liathenatics Education Development Center at Indiana University and 
funded by the rfeticiial Science PouirJ.ation, is uorking towaixi the devel- 
opment of mathcimatical problem solving modules uhich can be insortod 
into c::istii\^ curriculvjn of grpdos ''1-6. " i.auy Lypos of r:^:oblom situahicn 
T;ill be included in those modules s raal-world applications of mat!!-?- 
mat^os (i.e., "raal-i/orld" as the student Goes it), problems related to 
the mathematics studied in the standox^^. cnrricur;.:-:, mathoi.^atical r^orc- 
ations, and problems involving various strc^toc:ios such as guess and best 
and pattern finding, ^^^i.le tho IIT'jP i^ primarily a development projoci 
the materials holnr, developed yrill bs basud upon T-osec^rcxh into the. 
tfea^ehing and le.nrning of problem sol^i.ns and will be pilot tested in 
a number of elementary schools ♦ 

The project is in operation at three different centers: the 
University of )Iorthern loua, the Oalcland Schools (Pontiac, Iiichigan), ' 
and Indiana ^University. ^ yhile the project has identified the central.. 
Goal as beinc the development of problem solviiTp: modules for uso in 
grades i^-6, each center plays a distinct role. 
Role o f the University of Northern Io w a (U,1I,I,) ^£ ' 

The iiPS? site at the University of Northern Iowa is direct ^Ki by 
George Immcrzeel. The primary role of the site is to develop a series 

^This description summarizes the role of U.iT.I. as reported by 
George Immerzeel and his associates. 
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of "skills'' booklets and associated probloin solving oxperiencGS, Spe- 
cifically, the center at U.ii,I. is identifying the spectrum of required 
skills that arx? not part of the present curriculum, and vrriting mater-. ' 
ials that build this spectrum for particular problem solving strategies^ 
After considering an extensive list of required problem solving 
skills and classifying these skills into those that arc simple (require 
a limited sot of tactics), and complex {requiring a variety of tactics), 
seven were identified as. appropriate for students in grajdes k through 6. 

1. Using an equation 

2. Using table ' • 

3. Using resources (reading, formulas, dictionaries, 
encyclopedias) 

0 

^. Using a model (physical model, graph, picture, diagram) - 
' 5« HalcG a simpler problem 

6. Guess a.nd test 

?• Compute to solve 
Each -of these skills is simple in that they involve a single principle 
tabetic. They do not depend upon an interrelation among tactics as is 
the caLso in strategies such as pattern finding and goal stacking,^ 

7 

There is a semantics problem in trying to communicate ideals 
about problem solving. Terms like "skill," "strategy," "heuristic," 
and "technique" connote different things to different people. The word 
"skill," as used by the University of Northern: Iowa staff, referr> to 
generic problem solving techniques which aro needed in order to use a 
particular strategy. Thus, "making a table" is a skill,, whereas . 
"pattern finding" is a strategy. 

: ^See Slnon_jaM„^^ a - 

description of goal*: stkcking. 
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A '^gMH -, booklc?t'= Hill b--! writtf.-n "or each or the seven skills. 
Thcsa booklot.i u.1.11 bo flor.i;'ncd to teach the subskillG nocdccl to use a 
■nrticular nklTl. '.'or ox.-.jnpln, for tho c'ucss aiid Test Skills ilooklct, 
apv.ro;cimat<i.y lOO -.jrobL-ms wore ta-itteii ^^rr-] tho skills neccss-n-y to 
-dvr the Tvro;.:ic;r..- t,--uv l.lentif ird. Vi„.nc.. ski lis wrro tl.r^n incorporated 
. into. T.h;-! boo' ■■.'.t, 

'fh.-; j.Jl-, lioolcltit ir; writLon r.o that. ?. student can u::-.-: ti\y 
liooklcb iiv^ovvinont of ■ toachnr input a;xl also so thb toachoar can use 
th.) -ooo;a-.t P rr.v:;uln.r clasavoon sottiivr. After cor.plotin,- oaoh 
T)ookl...t t!u- ;vt,u.h.iit ir. -xvcn an ovaluation that not only dotcrminos the"" 
studoufs r:no;..ss in tho skills but is a ,Tuldc to rroup placemt-nt "or 
the proM.-!in selviivj cxiierlonccs dosi.'^nod for tho nkills. 

Tho vr::o-,.l.)ni solvi!if^ c::perioncen consist or a sot of c^.txls for 
eaeh skill. ?!icr,o cprfs represent five levels o" difficulty and a 
variety oy iubr^rc-sts. Althou.Arh a majority or thn problems ^re supposed 
to have a ''veal world" .-jnttln,-:, there ore alr^o u::.'.jnples from all aspects 
of the t;urri0L.lui:i. i-Vorn tlii,-; snt o" probloras oooh student should bo 
able to find T.:,robloMS thrd not only "it ^ ^his interests but also arc 
at a Ic-vol of difficulty „her.:c tij.j si^u'lonu will be challon-ed but have 
a ronsonable chance for success. Also includal in tho problem sot axe 
problems in vhhjh tho use of tlie m3 iii-c.;lculator is appropriate. These 
problems e±-^ idcntifiod so the" sturlont known tho Ccaciilator is suRfiostwl 
■ror tl;n prol)lon. .\ ;;oparat'j sJd lis boolclet for tho riini-calculator iiill 
be d;,'velop.-d uhicli can bo used with any typo of problem solving strategy. 
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As the skills booklets ancT problem sets are developed, they 
vrill be field l^ested with stiKlents in (grades ^6 in the Ilalcoln Price 
Laboratory School, of the University of Northern loi/a. 
Role of the Oakland Schools ^ 

David /^e lis is the director of the Oakland Schools Center. This 
center is responsible for proparin;: teachers to field test and help 
develop materia-Ls. The teachers will use their classrooms to field test 
the materials developed at OaJcland, U.iM. and Iridiana, University. 
Thus, the Oaldan^.^, Schools • center, operates the major .field testing com- 
ponent of tht^ project, niurrently there are twelve teachers participatiiis 
in the field testiiic. In addition, these twelve tea.chors partir^ipaho 
actively in solving problems, discussin^j problem difficulty, identify- 
ing problem solvinri strategies , developing problems for use in modules, 
and contributing to the development of jnodules.- 

The participation of clasnroom toachc:''s is an essential part cf 
the project. It is also- cSGontial th3.t these tea.chers teach in* a srihool ' 
system which offers diverse socio-economic, groupings of children.. The - 
Oalcland Schools is id^^ally suittxl in this respect since it has approxi- 
ntately 260,000 students airl 1.'^,000 teachers and contains industrialized 
centers, subur^jan ^comiaun^ties, and rtjral a-rea^. , , ^ • 

Rele of Indiana Urdversity (J .U.) 

The iiathematics lilucati on Development Center, under the direc- 
tion of John LeDlanc, is the third site involved in J;P3F. ^ The role of 

. 9 ■• ' ' • ' " ■ ' ' ' ■ " 

This doscripticn cummarizes the role of the Oaldand Schools 
as reported by Stuart. ChoSlte, Assistant Director of the Oaklard Schoolc 
Center. 
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the I.U. center is twofold. First, it is involved in the development 
of one or more modules based on information gathered through work with 
Individual and small groups of students. Second, the center has major 
responsibility for evaluating the materials developed, at the other 
centers and for making suggestions for revision. At the same time the 
staff of the Mathematics Education Development Center is best qualified 
among the tliree centers to borduct developmental research into the ques- 
tions which will arise ine^^tab3,y as the modules and problems are being 
created. To date, research problems have been Identified related to 
problem difficulty and complexity and techniques for observing and 
Interviewing children as they attempt to solve problems. The thrust of 
the work of the I.U. center will be discussed in more detail in a later 
sec,tion. 

The roles of the three centers have been described briefly but 
the interrelationships among the centers has not been specified. Inter- 
action among the centers is determined on the basis of need for reaction 
to Ideas being investigated and materials being developed. For exaniple. 
it is expected that materials devised by one center wlU be reacted to 
by the other centers. In this respect there is a cyclic pattern of con- 
tinual development, testing, and evaluation of materials which are pro- 
duced (see figure l). Also, all three centers will be involved in • 
identifying researchable issues ^or close scrutiny by the I.U. center. 
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Figure It Interrelationship of Primary Roles of th9 MPSP Centers^ 

A final word should he said regarding the feasihillty of a tri- 
site project. Such an organizational structure necessitates some con- 
fusion , inefficiency, and duplication of efforts that must he taken into 
account in*assessing the project. However, despite these shortcomings 
the tri-site aspect is viewed as a strength rather thaji a weakness of 
the project. The coUahoration of educators with different interests, 
experience and expertise has been proposed hy se-^/eral leading curricu- 
lum developers. Haidng three centers offers a broader base for dis- 
seminating' the materials which will be developed anicL provides a wider 
range of expertise in the areas of teachiiig, materials development. 



evaluation, arid research. 
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This view was articulated by James Gray who is the N.C.T.M. 
representatiVG on the ^!?SP Advisory Board. 
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Focus of Efforts In the tIPSP at Irdiana University 
This section is devc ;ed t^ a description of the research and 
development work at Indiana University during 197^75. Also the current 
status of the model of mathematical problem solving which is evolving 
will he given considerable attention. Although the development .of a 
model has been given tertiary status during the past yeax, it seems 
appropriate to present it in this paper in prder to ellicit the reader's 
reactions. 

The work of the I.U. center during the past year focused pri- 
marily on intensive observation of students* problem solving behavior, 
,the development of a problem bank, and the creation of a problem solving 
i module ... 
Observation of Fifth Grade Students 

In order to get a better feeling for what types of problems 
students find interesting and to investigate if students employ any 
discernible strategies as they solve problems, the decision was made to 
spend some time (approximately 6 weeks) observing fifth grade children 
as they attempted to solve problems without having any prior instruction. 
Fifth graders were used because it seemed reasonable to fix the agq 
level of the children so that developmental factors related to age would 
not have to be dealt with. 

/ Apin:oximately eighty problems were found that were suitable for 
most /fifth graders. The problems were selected on the basis oft rele- 
vanofe to fifth grade mathematics, potential interest for fifth graders, 
aiijj. "non-routineness" (i.e., problems that arc not standard textbook 
"story problem"). Consideration also was given to selecting problems 
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which could "be solved in moro than one way* Ten of the problems were 
selected for use in inter^i-ewing student;^* 

Two classes of approximately sixty fifth graide students were 
inter\rLewed as they attempted to solve seme of the ten problems. The 
first class of students was interviewed individually and in groups of 
two, three, and four as they wcrfcod a set of four problems ^ Wien groups 
of students were interviewed, ^t proved too difficult to identify fron 
■'■ audio recordings the processes used by individuals?. Thus, all stiidents 
in the second class were interviewed individually. The findings from 
the interviews were: ^ ^ 

1, Very few of the students wrote anything dovnif, Sof.9 drew 

a figure, but only after it wa,s suggested by the interviewer,, 

2, Most students had difficulty reW-ning multiple conditions 
and considering two or more conditions at the ssjuq time, 

3> Students often solved a problem that was not the stated 
problem. They misread the problem or misinterpreted the 
problem, 

4, Students in general did not use strate{ries, although a fe:*: 
attempted to identify patterns for some problems. 

The observation that many students were unable to coordinate 

' . ■ ■ *■ 

multiple conditions in a problem (finding #2) deserves elaboration. 

One of the problems presented to students was the following: ' 
\ ■ ' ' ' ■ 

There are \5 cups on the table^ John has 9 marbles, and he 
wants to p^t a different number of marbles under each cup, 
CaJi he do this? EiJcplain, 

There are three different conditions to coordinates five cups, 
bles, and a different number of marbles under each cup (Of 
course, "John" cannot perform this task). Some students ignored the 
third requirement and came up with 2, 2, 2, 2, 1 as their answer, 

- ■ ■ . ■ . .■ 30 
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Other students ignored the condition of having nine marbles and arrived 
at 4, 3i 2, 1, 0 for an answer. It should be pointed out that although 
in£iny students did not initially coordinate all of the conditions, they 
were able to do so after rereading the problem or being given a simple 
clue 1:^ the interviewer. It should be added that it is possible that 
students did not use all of the conditions becau?>e they would not have 
found a wa.y to put the marbles under the cups otherwise. It is likely 
. that they have been conditioned to find an "acceptable" answer at all 
costB, To them, getting an answer is the most important thingi getting 
etn answer that makes sense Is something else. This situation is prob- 
ably not the fault of the students but the fault of a society which 
stresses immediate results and values .quantity more than quality, 
Mini-Instruction of Fifth Grades 

The results of the interviews suggested that although the stu- 
dents were unsuccessful for a variety of reasons, they did benefit firom 
the question asked and the hints given by the interviewers. Thus, it 
soemed feasible to devise short sequences of instructional activities 
which wouH focus on helping chiOxiren in the areas that appeared to 
cause them the most trouble, 

A fifth grade class, different from those interviewed, was 
divided into four groups (3 groups of 8 Ss and 1 group of 7 Ss), The 
groups were approximately equal in ability based on the scores from a 

pretest on mathema,tical reasoning. Each group was given forty-five min- 

..... 

utes of instruction on each of four consecutive days. The instruction 
varied ainong groups by what was stressed. The four different instruc- 
tional stresses were based on the findings from the interviews. They 
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were i 



1. Using Strategies r Tiiis group worked on usia? 

'pattern finding" and ''simplifi- 
cation" in solving problems. 

2. Coordinating Conditions - This group considered the condi- 
tions of the problems and checked 
that the solution satisfied all 
of the conditions. 

3. Understanding the Problem- This group was given ways to help 

understand what a problem is ask- 
ing such as drawing a figure or 
distinguishing between rele^^nt 
and irrelevant information. 

if.- Working Problems - This group was given.no particu- 

lar instruction. The students 
were given the problems and aJJkcd 
to work them. They were told if , 
.> ^ • they had the solutions right or 

* and given hints when neces- 
saryo 

Each group was given nearly the came set of problemr over the 
four-day period. These problems were selected because they were appro- 
priate for instruction in each group. At the end of the foui-day 
Instructional period a posttest of four problems Kas given to all the 
st-jdents to see if any change In thoir probleir. solving behavior had 
occurred. In addition, two students from each group were indivj.d-aally 
interviewed as they worked the posttest. 

There was no attempt to conT-are the groups statistically in 
terms of' problem solving performance'. This was not an experimental 
study to determine which of four instructional techniques was the best, 
but rather an exploratory 'investigation of the feasibility of providing 
.instruction in very specific aspects of the problem solving process. At 
this point the primary interest was to try out ideas in order to g-^in a > 



29 

narrower focus, not to conduct careful planned and controlled experi- 
ments' to test Kell-formed hypotheses^ 

The results of the mini-instruction were inconclusive. Although 
the group which received instruction on using strategies seemed to bene- 
fit the most from the instruction, the teacher variable may well have 
been the factor that caused this to happen since each group had a dif- 
ferent teacher, In-general the extent of the influence of the small 
group instructional sessions is unclear. However, the insight gained 
into the behavior of fifth graders in small group problem solving situ-' 
ations was invaluable. Interviewing and observing students as they 
work on mathematical problems has continued to be a primaxy activity at 
the I,U, center. 

Development of a Problem Bguik and Problem Gateigorizatlon Scheme 

The second major thrust of the I.U, center has been toward the 
development of a large bank of problems of a wide variety of types. As 
the size of this bank has grown it has become necessary to determine a 
scheme for categorizing the problems so that retrieval of problems will 
be ^efficient, A substantial effort ..has been undertaken to devise a 
suitable categorization scheme. In pursuit of this scheme the purposes 
of having a problem bank had to be clarified. The purposes of the prob- 
lem bank are: ' 

1, to provide classroom teachers with a source of problems 
of various types; 
o 2, to have available a wide range of problems .with respect 

to structure airl mathematical complexity, mathematical con- 
tent, problem setting, strategies used in giving the prob- 
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lems, interest, etc, for use, in development of problem 

solving materials, \ • 

One J.mportant use of the problem bank is as a source of problems 
exemplifying a peirticular strategy. For exaraplel if a teacher wishes to 
illustrate the use of the "pattern finding" strategy, he/she can go to 
the problem bank and choose problems designated as "pattern finding" 
problems. 

.In order to categorize the problems in the bank four dimensions 
were identified: the setting of the problem, the complexity of the 
problem, strategies applicable for a problem, and the mathematical con- 
tent of the problem. Initial attempts to sort out the components of 
each category resulted in the following outline for a categorization 
scheme. 

I. The setting of problems 

A. Verbal setting 

1. simple statement 

2. statement in story form 

3. statement in game form 

k» statement in project form i 

B. Auxiliary non-verbal setting (a verbal setting accom- 
panied by non-verbal information or majterials which axe 
not essential to solving the problem) 
1. diagrsun/picture/graph 

concrete objects 
3» acting out the problem 

4. hand caiculators and other "facilitjative" devices 

C. Essential non-verbal setting (non-verbal information or 
materials essential to solving the problem) 

1, diagram/picture/graph 1 . 

2. concrete objects .1 
3» acting out the problem 

4. hand calculators and other "facilitative" devises. 
II. Complexity of problems . ^ - ! 

A. Complexity of the problem setting 

1. number of words 

2. number of conditions (numerical and non-numerical) 
. 3- type of connectives among conditions 

4. feuniliarity of setting i 
5« amount of superfluous information 
6. number of clues provided (verbal and non-verbal) 

■ 34 ■ 
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B. Complexity of the solution process 

1. fairdliaxity with the type of solution 

2. number of questions posed 

3« type of connectives among questions 

4. number of variables 

5. "type of connectives ajnong variables 

6. number of different operations required 

7. type of operations requli*t3d 

8. number of steps required to reach solution 
III. Problem solving strategies 

iiB Pattern finding 

B . Syoteriatisation 

C. Visual perception 
D; Xn^erpncs 

E. Trial-and-error 

Use and/or development of visual aids, 
Gi Use and/or development of simpler problems 
H. Recall and use of previous ex^ riences, 
IV. . Mathematical content 

Since the problem bank will be used witliin the structure of 
^ the existing mathematics curriculum, the components of this 
category should be determined on the basis of topics in- 
cluded in various grade five mathematics textbooks. 

Problems >riiich exemplify the use of various strategies have not 
been dii:ficult to find. Carole Greenes and Dale Seymour have provided 
the MPSP with large collections of excellent problems which illustrate 
particular strategies and which are appropriate for use in the inter- 
mediate grades, Ooiuj^lexity has proven to be the most challenging cate- 
gory to consider. Several weeks of intensive study resulted in a revi- 
sion of the outline related to the complexity of problems. The revised 
outline is. presented here without discussion. Work is now underway to 
.determine If factors included in this outline are critical in the deter- 
mination of problem complexity. 
Revised Outline of Complexity of a Problem 

I. Complexity of problem statement 
A. Vocabulary 

1, Word frequency 

2, Specialized use 
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B, Sentence factors (conceptualization of phrases) 

1. Number of Simple Sentences 

2, Average number of words per sentence 

3, Decodability of phrases 

C, Amount of information 

1. Numerals and Symbols 

2, Necessary numerical and non-numerical data 
3« Questions asked 

D, Interest factor 

1. Number of, personal words 

2. Number of concrete non-matheniatical words 
II. Complexity of the focusing process 

A. Interrelationships of Conditions 

1. . Number of bits of irrelevant data 

2. Types of connectives between conditions (an, or, 
if . . * then) 

3- Order of presentation of the givens ejnd/oT operations 
. 4. Logical structure of the problem ' 

B. Interrelationships of goals 
. 1. Leading questions 

2, Corollary questions 

3« Completely disjoint questions 

4. Related querjtions 

III. Complexity of the Solution Process 

A.. Unique vs. non-unique vsj no -solution 
3p Mathematical content involved 

C. Types of strategies that oould be used effectively 

D. Minimum number ^ of subgoals 

E. Types of goals 

IV. / Complexity of Evaluation 

A. Ease of checking solution 

B. Easts of generalizing solution ■■ ' " ^ 
Module Development 

The development of instructional materia^ls on pattern finding 
was begun. Pattern finding was chosen as the focus of the module be- 
cauise the students had an accurate understanding of the word "pattern" 
and used it in conversation. Also, there is a wealth of problems which 
involve pattern finding in their solutions. Preliminary, versions of 
paxts of the module have been tested in fifth grade classrooms. No fcr- 
inal evialuation of the extent to which students learn to use a pattern 
finding strategy ^has been conducted. Instead, the testing has concen- 
trated on readability of the materials, clarity of presentation, format 
usodi) ?iXf\ Interest level. 
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Toward a M odel of the Problem Solving P rocess 

The attempt to develop a problem colving module on pattern f jni- 
irg and dcterniinc a scheme for categorizing mathematical problems neces-- 
sitated a careful examination of th.^ behaviors, both affective and c.c(;- 
nitive, which are demonstrated as a student trios to solve a problem. 
This analysis involved an attempt to datermino a model of the problcr; 
solving process which emphasizes the most important components of the 
process and provides an accurate description of how successful problem 
solvers think. A search of the literature on problem solving revealed 
that several atte^ipts have been made to devise a model which describes 
problem solving. It vras appropriate to study seme of these models in 
order to create a model which approximates the process for scl\"iTig 
mathematical problems. 
Dewey's Model of Reflective Thi nT^in;^- 

111 his classic bock, How tfo Think . Dewey proposes fivie phases of 
reflective thought (Dewey, 1933). While reflective thought is not synon- 
omous with problem solving, it is clear that reflective thought is an 
essential part of problem solving. 

The five phases ares 

1. Suggestion: direct action upon a situation is inhibited 
thereby causing conscious awaxoness of being "in a hole" 

. (p. 107); ^ 

2. Jntellectualizationi an intellectualization of the felt 
difficulty leading to a definition oJ fhe problem? 

3. Hypothesizing J various hypotheses arc identified to begin 
and guido observations in the co?aection of fact'jal material | 
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^'m Reasoningi each hypothesis is mentally elaborated upon 
through reasoning: 

5, Testing the hypothesis by acticna . . sor»>e kind of test- 
ing Ify overt action to give experimental corroboration, or 
verification, of the. conjectural idea (pp- 113-^) 
Dewey is careful to point out that these phases do not necessarily 
follow one another in any set order. This analysis is valuable in iden- 
tifying stages in reflective thinking eind thus, in problem solving.. 
However, it considers only the logical aspects of reflective thought but 
does not consider nonlogical "playfulness" or intuition. It has been 
sugg&sted that Dewey's formal steps are more a statement of one type of 
scientific method than an accurate description of how people think 
(Getzels, 196^^), As a result, this model of the process of solving prob- 
lems may describe how students ought to think, but it does not describe 
how students usually do think, whev: they are solving problems . 
J (Anson's Model of Problem Solving 

¥hereas Dewey's model reflects a logical analysis of problem ^ 
solving, Johnson (1955) has provided an analysis which is oriented to 
the psychological processes related to problem solving. Johnson's model 
is of particular interest because it provides a framework in which 
"... to interpret mo»3Bures of problem difficulty such as solution 
time (Bourne et al, 1971, p. 56)." Three stages are included in his 
modeli 

1. Preparation aixl orientation i the student gets an idea of 

.\ . " ' . . ■ ■ ■ 

^rtiat -Uie problem involves. 
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Z. Production: tho consideration of alternative approaches to 
a solution and the subsequent generation of i>ossible 
solutions, 

3« Judgment; the doternination of tho adequacy of a splution 
ar>d the validity of the approach used to arrii'e at the 
solution. 

In addition to pro-.ddirig information "bout problem difficulty 
this model offers a dimension that is not present in Dewey "s mcdel—it 
leads to speculation about the effects of instruction. In Johnson^s 
model pre-production activity by the problem solver is jrist as ImportaLnt 
as the production stage. Uiifortunately, little is known about the prep- 
airation stage because researchers have preferred to investigate problem 
situations which are well-defined for the student. Thus, the prepara- 
tion stage plays a less important role. The suggestions for future 
research efforts which appearc in the final section of this paper inc3Me 
a plea for studies vrhich focus on the proparation ftage of p^-obl.^m solv- 
ing by examining pjroblems for which the student is not fully prepared. 
Polya^s Kodol of Problem f ^olv3.ng 

Georg Polya^s extensive writings ha\-e been a source of nuch 
valuable information regarding the problem of teaching problem solving 
in mathematics (Pplya, I95?; 1962). Unlike Dewey and Johnson, Polya's : 
concern lies primarily with mathematical problem solving. To him, 
teaching problem solving involves considerable experience in solving 
problems, and serious study of the solution process. The teacher '#rtio 
wants to e]3hance her/his students • ability to solve problems must direct 
their attention to certain koy questions and suggestions irfiich corre- 
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sponi to the mental opeirations used to solve problems. In order to 
group these questions in a convenient jnanner Polya suggests four phases 
in the solution process, 

1, Understanding the problem 

2, Devising a plan 

3, Carrying out the plan 

4, Looking back 

Since Polya four phases are familiar to most mathematics edu- 
cators interested in mathematical problem. solvihg, no discussion of his 
model will be presented here. It should be pointed out that instead of 
being a description of how successful problem solvers think, his model 
is a proposal for teaching students how to solve problems. I'/hile this 
model may bo valuable as- a guide ih^orgajjlzing instruction, in problem 
solving, it is toe gross to be of much help in identifying potential 
are£is of difficulty for students or clearly specifying the mental pro- 
cesses involved in successful problem solving. 

i . . 

Webb's Model of Problem Solving 

After reviewing the existing literature on mathematical problem 
solving, Webb (l974) devised a model which is purported to be a synthe- 
sis of the various models described in the literature. This model con- 
tains three main stages in solving a problcmi preparation, production, 
and evaluation. , 

1. Preparations includes defining and understanding the prob- 
lem} understanding what is unknown, vdikt is given, and what 
the goals are. 

2. Production I includes the search for a path to attain the 
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goals; recall of principles, facts, and rules from memory; 
generation of now concepts ani rules to be used in solving 
^ the problem; devolopmont of hypotheses and alternative 

plans that may load to one or more goal. 
3. Evaluation: includes checkin^^^ sub^joals and the final solu- 
- tion; chocking the validity of procedures used divrijig prep- 
aration and production, 
!/obb states that his model , • is not a hierarchical model in that 
pi^eparation always comes before production, which always must precede 
evaluation. This is more a cyclic model (l/cbb, 1974, p. 4)." This 
model has proved to be useful to the staff at the Indiana University 
center of the MrSP as a rudimentary model from which a more detailed and 
refined model can be devnloped, 
S pir J Other Models of Pro blem Solving 

In addition to the models proposed by De,wey, Johnson, Polya, 
and Webb several other thoughtful models have been developed. Repre- 
sentative of these modols are those of Klau^meir and Goodx^in (1966) and 
Wallas (1929). Without discussion these models are presented below. 
Klau gmoir arid >Goo d;?ln-^Jlodql 
1, Setting a goal 
2; /.ppraising the situation 

3. Trying to attain the goal 

4. Confirming or rejecting a solution 

5« Reading the goal .» 
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tfallas* Model 

1; Preparation 

2. Incubation (a mulling over period) 

3» Illumination (the conception of a solution) 

4. Verification 

A Working Model of Problem Solving for the MPSP at Indiana University 

The primairy limitation of each of the models that have been dis- 
cussed is that they axe either prescriptive (viz. Dewey axii Polya) or 
only grossly descriptive (viz, Johnson, Klausmeir and Goodwin, Wallas, 
and Webb). The prescriptive models suggest techniques to help the stu- 
dent be a better problem solver. The descriptive models may be more 
valuable in the sense that they Identify phases the student goes through 
during problem solving. The goal of the MPSP is to devise a more de- 
tailed aind refined descriptive model. 

The search for such a model has led \o an investigation of in- 
formation processing approaches to problem solving research. With the 
possible exception of gestalt psychology, information processing theory 
seems to be the only psychological theory which has problem solving as 
a central focus. A primary thrust of information processing theory is 
to develop a description of specific types of problems that is precise 
enough to enable an explanation of problem solving behavior in terms of 
basic cognitive processes. The most complete description of information 
processing theory has been presented by Newell and Simon (1972). Wick- 
elgren (l97^) has attempted to develop an oporationali^ed theory of 
problem solving by combining elements of information processing theory 
and the ideas of master teachers like Georg Polya. 
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The work of Nevrell and Simon, and Wickelgron has led the author 
to the model for solving mathematics pro'blenis i/hich is described in the 
paragraphs which follow. This model is, of course, not as refined as it 
should be nor does it necessarily generalise to all types of succesnful 
mathematical problem solving beha\lor. However, it does pinpoint some 
critical components of problem solv3.n/; behavior which are missing in the 
other models. Six distinct, but not necessarily di.-^,ioint, stages are 
included in this model, 

1, Problem Awareness 
N2, Problem Comprehension 

3, Goal Analysis - ^ . 

. 4, Plan Development;^* 
5» Plan ^Implementation ... 
6, Proceciures and Solution. Evaluation 
It should be emphasized that those stages are not necessarily sequential . 
In fact it only rarely happ:?n3 that these stages do occur se'iuentially 
and distinctly from each other. 

In keeping with an information processing approach tq building 
a model it ifould be desirable to dG\i.sG ia flow chart that would describe 
the^student's cogniti\'g processes as progress is made from Problem 
Awareness through Plan and Solution Evaluation, Hovrever, since the 
stages are .not hierarchically ordered or even distinct, for most prob- o 
lems it is not possible to levisc a completely acciirate diagram of the 
flow of progress during problem solving. Figure 3 is a rough descrip-^ 
tion of the way in which the stages of th^ model are related. 
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Steige Is Problem Awaxeness ' 

A situation is posed for .the student. Before this situation be- 
comes a problem for the student he/she must realize- that a difficulty 
exists. A difficulty must exist in the sense that the student must 
recognize that the situation cannot be resolved readily. This recogni- 
tion often follows from initial failure to attain a goal. This view of 
what constitutes a problem is consistent with Bourne's description of a 
problem situation as one in which initial attempts fail to accomplish 
some goal (Bourne et al, I97l). A second component of the awareness 
stage is the student's willingness to.; try to solve the problem. If the 
student either does not recognize a difficulty or is not willing to pro- 
ceed in trying to solve the problem, it is meaningless to proceed (see 
Figure 2). 




Figure 2^ Schematic representation of problem awareness. 
Stage 2i Problem Comprehension 



Once the student is aware of the problem situation and declares 
a willingness to eliminate it as a problem, the task of making sense out 
of the problem , begins. Ihis stage involves at least two sub-stages j 



translation and internaliaation. Ibranslation involves interpretation 
of the information the problon provides into terms which have meaning 
for the student. Internalization requires that the problem solver sort 
out the relevant information and determine how this information inter- 
relates. Most importantly, this stage results in the formation of some 
sort of internal representation of the problem wi^thln the problem solver 
This representation may not be accurate at first (or it may never be 
accurate, hence the student fails to solve the problem), but it furnJ.sho 
the student witli a means of establishing goals or priorities for working 
on the, problem. It is here that the non-sequential nature of the model 
shows up for the first time. ^The accuracy of the problem solver's in- 
ternal representation may increase as progress is made toward a solu- 
tion. Thus, the degree of problem comprehension will be a factor in 
seveial stages of the solution process. 
Stage 3i Goal Analy sts 

It seems that the problem solver may jump bcick and forth from 
this stage to another. For some problems It is appropriate to establish 
subgoals, for others subgoals are not needed. It is often truo that the 
identification and subsequent attainment of asubgoal aids both problem 
comprehension and procedure development. 

Goal analysis can be viewed as an attempt to refbrmulate the •• ■ 
problem so that familiar strategies and technique's can be used. It nay 
also involve, ail identification of the component parts^ of a problem. It 
is a trrocess which .moves ^from the goal itseif baclcwaids in order to sep- 
arate the different components of the problem. Thus, goal analysis 
actually includes more than a simple specification of given information, 
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specification of the Veiationships among the Information, and specif i- 
cation of the operations vrtiich may be needed (see Resnlck and Glaser, 
1975f a more detailed discussion of goal analysis). 
Stage 4i Plan Development 

It is during this stage that the problem solver gives conscious 
y attention to devising a plan of attack. Developing a plan involves much 
^ more than identifying potential strategies (e.g., pattern finding and 
solving a simpler related problem). It also includes ordering sutgoals 
and specifying the operations which may be used. It is perhaps this 
stage more than any other that causes difficulty for students. It is 
common to hear mathematics students proclaim after watching their 
teacher work a problems "Hotf did he ever think of that? .1 never would 
have thought of that trick." The main sources of difficulty in learning 
how to formulate a plan of attack emanate from the fact that students 
. are prone to give up if a task.caJinot be done easily. Of course, if 
problems can be done too easily, they are not really problems, A good 
problem causes initial failure which . too often results in a 
refusal to continue. This state of affairs is not the faul|t of students 
but rather the fault of teachers who do not recognize that initial fail- 
lire is a necessary condition for problem solving (Shumway, 197^) • It 
may also be true that students are unable to devise good plans 'because 
they have few plans at their disposal. There is preliminary evidence 
from work done at the Indiana University ciar^er of MPSP that many chil- 
dren in graiies 4-6 proceed primarily in^i trial-and-error fashion until 
they either find. a •'solution" that satisfies them or give up. Equipping 
students of this age with a few well-chosen strategies may facilitate 
their ability to plan. 
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P-f difficulty for students at t^^^ 
ordering subgoals and specirylng the cperations to be used. For many 
students the hardest part of problem solving . lies with knowing what to 
do first and organizing their ideas. Consequently, in addition to 
teaching, students strategies, attention must be given to helping them 
organize their thinking and planning. - 
. Stage 5t Flan Implenv^rjajJ rm 

At this stage the problem solver tries out a plan which has been 
devised. The possibility that executive errors may arise confounds the 
situation at this stage. The student who correctly decides to mak^ a 
. table and look for a pattern- may fail to see the pattern due to a simple 
• computation error. Errors of this type probably cannot be eliminated 
but they can be reduced if instruction oh implementing a plan also con- 
siders the importance of evaluating the plan while it is being tried. 
Thus, while stages 3 and 6. are distinct, they are not disjoint. The 
, / nain dangers of stage 5 are that the problem solver may forget the plan, 
become confused'a^ fhe plan is cazxied out, or be unable to fit together 
the various parts of the plan. /Fitting together the parts, of a p:!an can . 
• be a very difficult task in i/self. This difficulty may arise from the 
. fact that the best sequencing of steps' in the plan or the best ordering . 

.of subgoals may not be/cle4 to the problem sblver. For somfe problems 
. the sequencing of subgoa4 does Act' matter, while for' others it is 

essential that sub^goals be ach^4d'' in ,a particalax pider. The reader 
:.. is referred to Chapter 6.of Wick'elgren's book How To Solv^ IVohion.. -r .^ 

/ an in-depth ainalysis 'of techniques far defining subgoals. and using them 
/' to solve problems (ffickelgren, 19^i«.). 

o-^\/- / '''47/ ' 



stage 6t Procedures and Solution Evaluation 

Successftil problem solving usually Is the result of systematic 
evaluation of the a ppr o pr i ateness of ; the decisions made during problem 
solving and thoughtful examination of the results obtained. The role 
of evaluation In problem solving goes far beyoilid simply checking the 
answer to be sure that It makes sense • Instead It Is an ox^olng process 
that begins as soon as the problem solver begins goal analysis and con*- 
tlnues long after a solution has been found. Procedure anl solution 
evaluation may be viewed as a process of seeking answers to certain 
questions as the problem solver works on a problem* Representative of 
the questions which should be asked at each stage are the following s 

A. I^oblem Comprehensions The problem solver evaluates how 
wall he/she understanis what the problem is. 

— ^Jhat are the relevant and irrelevant data Involved 
in the problem? 

— Do I (problem solver) understand the relationships 
aj&ong the information given? " 

~ Do I understand the meaning of all the terms that 
are involved? 

B. Coal Analysis! The xoroblem solver categorizes the infor- 
mation into classes like givens^ operations, variablesi etc., 
and attempts to identify the structure of the problem. 

— Are there any subgoals which may help me achieye the 
goal? 

/ • . ■ ' ' ' * ■ " 

— Can these subgdals be ordered? 

— . is my ordering of subgoals correct? 



Hxve I cor3:'8ctly identified tho conditions opeixifcing 
in the prob.le.Ti? 
-C, Plc;rt Dev3lopm3nt: The protlea solver scavches for a 
metliod of procc5«:lir.g4 

Is thvn-e in:\ra 'tlvan cae waj^ to do this problem? 

— Is there a beet Kcty? 

~ HavG I evQT solved a problem lilce this one before? 

— Will t'v3 vl^n lead to the goal or a subgoal? 

Plan I.nplor:ahtation: The probl*^m solver tries out a plan, 

— Ara I using this strategy correctly? 

— - Js the ord.erir?g of the steps in mj' plan appropriate or - 
could I have used a different ordering? 
E, Solution Ev'oJ.uation J The problem solver arialyses the 
, results, 

— Is ray solution generalizable? 

— Doec my solution satisfy all the conditions of ihe 
problem? ... / 
Tfnat have I learned that >dl3, help me solve other 
problems? 

The diagram lAich follows attompts to illustrate the interre- 
lationships that exist among the stages in the model. It also suggescs 
fiow a student might proceed in solving a problem. 
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Flguris 3t Schematic representation of a model of mathematical problem 
sol'/ing. 

Hov the Model Ilay Wa Used 

The most valuable aspect of' this model is that is provides a 

conceptual franework for identifying the factors idiich most influence 



success in problem solving. This framework can be useful to the teacher 
who is trjring to organlsse appropriate problem solving experiences for 
students by hlj^llghtin^-vas^ potential sources of difficulty for 
problem solvers. It also emphasizes that teachers cannot be content to 
teach etudents how to 8olve;problems simply showing a few "tricks of 
the trade." Of course ^ the model does not describe problem solving for 
all types of problems and| in this sense at leasts it is incomplete. 
But 9 it does supply a partial explication of a theory of problem solving 
which, although not fully conceptualized , is being created. The devel- 
opment of a theory of problem solving will give diarection and add focus 
to any research efforts. Such a theory is needed critically within 
mathematics education at the present time. Ilany of the research efforts 
in mathematical problem solving which have been conducted were well- 
conceived and carefully done but the results of these efforts have had 
little impact on instructional poractice. This is partially due to the 
diversity of types of research and the conflicting results Uhlch have 
been obtained. It is also due to the fact -Uiat none of the results seem 
to be gene3:allzable to all types of mathematical problems. It may be 
that no single theory , and hence no single model i can accurately depict 
problem solving for all types of problems and aZl types of problem 
solvers. Even with the posibillty of such a state of affairs it is 
worthwhile to continue the search for a suitable model since such a 
search will provide valuable information about the nature of the prob- 
lem solving process. 
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Plane f or Fut?ire Rosaarch 
Althoiigh the loPSP is ^ptiaaxily a development project, an inves- 
tigation of a few rcsssrch <iuostions will bo incluu-x'. .is a part of iha 
efforts duriT:.3 1?;">?6. lac'i of tha work done at I.U. during the past 
year can be c3.ar:':3f.i>-d s": crp^mb-ry. .^^ziiha^is t-c^ placed on intenoivo 
observation of 5t»<Vr*c.i Ihs collection of problec:!, i}i3 r.r3i.tion of a 
problem solving r.oi:jlo, and th3 design of a suitable model for iRathe- 
raatical protTera rrl •-• -7 . ^/hile none of th^se endeavors csji be consid- 
ered researoU in ih-i v/'vcl f?pn?e, all o: hha wcrk at I.U. was conductad 
with a research spirit. T^;r».-'i IS;- evory ef f a»rt whs nade to approach eanh 
issue in an cpen-ni-nded aiid objective mncax and to apply tlie scientific 
method of inquiry. Perh^,ps the most valuable result of the work at the 
I.U. cerxter was the idenMiicatj-on of three areas within the problem 
solving process which cause difficulty for fifth graders. Two of these 
difficulties are related to problem con-prehonsion, wiiilo the third is 
related to plan development ard irn.ilementatlon. 

1. Students often misread or misinterpreted problems. 

2. Stiidonts Iiad difficulty retaSning and coordinating multiple 
conditions in a problem. 

3. Students do not appear to use any strategies duriiig problem 

solving. 

Further investigation of the first difficulty suggested that 
students often perceive a simplified version of a stated problem. The 
students tlien proceed to solve the problem as they p«rceivB it. In a 
few cases, thfe students were not even awate that a problem existed. In 
otliear cas^s students had trouble understanding phrases in problems 
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> "a checker in every row aiai In every column" ani "every sixth 
night"). Clearly J students cannot solve problems they donH fully under- 
stand. It is important I theui to pay special attention to the factors 
which influence problem conprehension. More specifically, it is impor- 
tant to determine the prlmairy determinants of reading difficulty since 
most mathematical problems are presented in a written form* 

Several measures of comprehension of written passages have been 
developed by reading, specialists. However, there is reason to believe 
that these measures may not be appropriate for written mathematical 
passages since mathematical English appears to be much different fjrom 
ordinary English. Kane (I968) suggests that there are at least four 
differences between mathematical English and ordinary Englishi 

1. Hedundancies of letters, word, and syntax are differenti 

2. Names , of mathematical objects usually have a single 
denotationi 

3* Adjectives are moire important in mathematical English 
than in Drdinary Bnglishi 

4^. The grammar and syntax of mathematical English are less 
flexible than in ordinary English. 

If nathematical English is significantly different from ordinary 
English, it is essential that the nature cf^ these differences be deter- 
^mined. Two members of the liPSP staff at I.U. , Norman Webb and Barbara 
Noses, have designed a study idiich alms at identifying a relld^ble and 
accurate measure of comprehension of written mathematics problems. 
Their study will investigate the following questions t 
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1^ Is the cloze 7?rpctKlure a reliable laeae^ii*© of ccji^/rchension 
for individual matheinatical probleinG? 

2. What is the relationship of cartazn sfcimiiluG ip.oasurG« of 
nathcTtiti.cal problem statements to the elcr.e rcore 
percentage? 

3. Iviici*?; etiaiolus iceoiiiLVc^s arcs ;..:.e u&i^'u predictoxs of mean 
cUor.c sc*nro percei)t<»ge? 

Stiinuliis Eoacurof: ttJ.LI incTi^de si^ch va':ln'>ler# as tho n^irnbej' of: one 

syllable wordo p?>r 100, ncvns i»ov 100 wrds, personal v/crds per 100 

irords, worc's t^.+.-\ Llf^'^d nathematical laeenilnss. syiPbo35 per 100 

KordSy conhAcy.v€?c p??"C 100 Korde, avera^re sentence length, nuabar of 

sentences i>er 100 uords, an'^l /iu^^'^.v of cli/ic^s Vi^r 100 rords. 

ffehb a^il Hoses expect that one or two stimulus measures will be 

found that can be used to predict the dif f ic\ilty of conprehending a 

?;o.tlie3i:atical proble.7i. Tl^ey aljo eacpeat the cloze procedure to prove to 

be an adequate measare of readability for mathematical problems. If, 
... • ■ ' . ■ ■ '■■ 

such expectations ejie supported tiie task of classifying problems accord- 
ing to oomiplexity Kill be greatly reduced. ' 

The fact thrjt m&ny of the fifth graders were unable to ccordiiiate 
and retain the ccn3 itions given in a r.x^lnm has led to the design of a 
study to investigate particular issues related to this fact. Another 
IIPSP staff member, Fcdia Harik, has decided to explore the influence the 
number of conditions in a problem hai> /on success in solving iircbiemc. 
In addition she idll investi,p;ato the effect certain types of teacher 

''^'rhe cloze procedure is a popular technique for measuring 
readability of long passages. The procedure involves deleting every 
njtti word or symbol of a passage and replacing them with blanks. The 
student must fill in the blanks. The score is determined by the , 
muiibar of responses matching the deleted ^ material. A high score indi- 
cates high readability. 
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clues has on problem solving success. This aspect of her study arose 
from the observation that although fifth graders do not InltiaUy coor- 
dinate multiple conditions simultaneously, they are able to do so In 
some problems If the teacher provides clues or asks the students to 
reread the problem. f' 

Research studies lUce those of Webb and Hoses, and Harik have 
been carefully conceived, organized, and planned. Their questions have 
risen from, a concern for developing a sensible theory of mathematical 
problem solving. It is only by conducting research based on a sound 
conceptual framework that any significant progress will be made toward 
developing Instructional materials which wiU enhance children's ability 
to solve mathematical problems. 
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